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Background: The 16O(e, e′p) reaction in the quasielastic region has been studied in several experiments to determine spectro-
scopic factors, hence, the degree to which 16O looks like a closed shell. By varying the kinematics, experimentalists are
able to extract response functions which comprise the cross section. However, analysis of the response functions sepa-
rately produces very different spectroscopic factors. Two calculations led to different conclusions as to whether exchange
currents can eliminate the discrepancies. Neither calculation considered relativistic corrections.
Purpose: The purpose of the article is to investigate the disagreement as to whether exchange currents are the solution to
obtaining consistent spectroscopic factors and to show that relativistic corrections have a much greater influence on
providing this consistency.
Methods: This calculation employs the recoil corrected continuum shell model, a model that uses a realistic interaction and
produces non-spurious scatterings states that are solutions to the coupled-channel problems. Pionic and pair contributions
to the exchange currents were calculated as developed by Dubach et al. [Nucl. Phys. A 271, 279 (1976)]. Relativistic
effects are included by use of the direct Pauli reduction.
Results: Contributions of the exchange currents are shown to be insufficient to provide consistent spectroscopic factors.
However, the inclusion of relativistic corrections produces spectroscopic factors from the different responses and cross
sections which are very similar for both the p1/2 and p3/2 states and both the (|q| , ω) = (460 MeV/c, 100 MeV) and
(|q| , ω) = (570 MeV/c, 172 MeV) data. The influence of channel coupling is also shown to be significant. Tests of current
conservation show that inclusion of the direct Pauli reduction produces small increases in its violation.
Conclusions: Results are model dependent. Meson-exchange current contributions are not sufficient. Relativistic corrections
can be large and lead to more consistent spectroscopic factors. Contributions from channels other than the outgoing
channels can be significant. Response functions which depend on the transverse current are sensitive to the lower
component of relativistic wave functions, and hence, would provide a measure of the appropriateness of any relativistic
model.
PACS numbers: 25.30.Fj, 24.10.-i, 24.10.Jv
I. INTRODUCTION
Coincidence measurements with the (e, e′p) reaction in
the quasi-elastic region have proven useful in determin-
ing the single-particle nature of nuclear states. Hence,
several measurements of 16O(e, e′p) have been performed
in an effort to obtain information on the single-particle
wave functions and spectroscopic factors.
By assuming one-photon exchange, current conserva-
tion, and zero electron mass, one may approximate the
cross section for this reaction as
d6σ
dΩk′dωdΩp′dE′
=
mp′
(2π)
3σMott [νLRL + νTRT
+νLTRLT cosα+ νTTRTT cos 2α] , (1)
where the Ri are the response or structure functions, and
the νi are functions of the kinematic variables. Early
experiments were performed in parallel kinematics (the
ejected proton is parallel or anti-parallel to the three-
momentum transfer q) in which case the interference
terms RLT and RTT vanish, allowing one to separate
RL and RT . Later experiments were performed with
α 6= 0◦ or 180◦. This allowed further separation of
the cross section and determination of RT , RLT and
RL −
(
q2/2Q2
)
RTT , where Q
2 =
∣∣ω2 − q2∣∣2.
Spectroscopic factors are then determined from these
measurements by assuming a model in which the 15N
states are pure p−11/2 (p) or p
−1
3/2 (p) coupled to an out-
going proton and observing by what fraction the calcu-
lated response functions must be reduced to match the
experimental values. One would assume that the same
reduction factor should apply to each response function.
However, in Ref. [1], which reported on an experiment
centered at (|q| , ω) = (460 MeV/c, 100 MeV), calcula-
tions were performed with a model that gave a proper
account of previous data taken in parallel kinematics.
They found that an enhancement factor for RLT for the
residual p−11/2 (p) state differed by a factor of 1.5 and that
for the p−13/2 (p) state differed by more that a factor of
2 from factors required for the other response functions.
Difficulty with this response may not be unexpected since
it is an interference response.
In an effort to explain the discrepancy, pion exchange
current contributions were calculated in Ref. [2]. The
authors include a seagull term, a pion-in-flight term, and
an intermediate ∆ creation term. The seagull term is
their dominant contribution. These terms were calcu-
lated within a continuum random-phase approximation
model. With reduction factors of 0.60 p−11/2 (p) and 0.51
p−13/2 (p) applied to the calculated response functions with
2exchange currents, the discrepancy among responses was
mostly removed, although the resulting shapes as a func-
tion of missing momentum were not that good. This
was somewhat surprising since the authors of Ref. [3]
predicted a small contribution from meson-exchange cur-
rents (MECs). The authors of Ref. [2] do point out that
different factors of 0.49 p−11/2 (p) and 0.41 p
−1
3/2 (p) were
required to fit RLT and cross sections for a previous ex-
periment [4] at (|q| , ω) = (570 MeV/c, 172 MeV).
Therefore, the problem of different reduction factors
appeared to be solved. But the puzzle continued with the
later calculation of Ref. [5] where the authors address the
unexpected success of the MECs. In this reference the
outgoing proton is a solution to a complex optical poten-
tial, and the MECs are treated as in Ref. [6] and, hence,
contain seagull, pion-in-flight and isobar graphs. The
authors test the sensitivity of the MEC contribution by
making calculations with two different optical potentials
[7, 8] and a Woods-Saxon based continuum shell model
[9]. They find considerable sensitivity to the models, but
in all cases the total contribution of MECs to RLT is far
too small to eliminate the discrepancy between RLT and
the other structure functions. The resulting agreement
with the data is unsatisfactory.
It should be noted that the results of Ref. [5]
demonstrated a significant model dependence. Hence,
this present article investigates the reaction in a differ-
ent model, the recoil corrected continuum shell model
(RCCSM) [10, 11]. The RCCSM has the advantage of
producing wave functions that are antisymmetric and
contain no spurious components since the calculations are
performed in the center-of-mass system. Orthogonality
between bound and scattering states is guaranteed. The
input to the RCCSM consists of only an oscillator-size
parameter, ν0 = mω/~, the desired states of the A − 1
core nuclei (labeled by |αJA〉), and a realistic, transla-
tionally invariant interaction. An oscillator constant of
ν0 = 0.3068 fm
−2 is employed in this paper. The results
show little variation with respect to reasonable p-shell
values of the constant. The interaction is taken as that
for 12C from Ref. [12]. It was derived from a fit to Cohen
and Kurath [13] matrix elements plus g-matrix elements
of the Reid soft core [14] for 16O. The p−11/2 (p) and p
−1
3/2 (p)
states of 15N and the p−11/2 (n) and p
−1
3/2 (n) states of
15O
are taken as the core states. Therefore, one is solving
the 15N(1/2−) + p, 15N(3/2−) + p, 15O(1/2−) + n, and
15O(3/2−) + n coupled-channels problem. The choice
of pure hole states for core states means that the reduc-
tion factors required to fit the data can be converted to
spectroscopic factors. This does not mean that the hole
states are oscillator wave functions, but a linear combi-
nation of oscillator functions which are solutions to the
translationally invariant Hamiltonian.
Although producing considerable improvement in the
troublesome RTL from Ref. [1], the RCCSM response
functions still showed inconsistencies. Therefore, the
next step was to include the MECs. Pionic (correspond-
ing to the pion-in-flight contribution of Refs. [2, 5]) and
pair contributions (corresponding to the seagull term of
Refs. [2, 5]) to the exchange currents were calculated
with the operators of Ref. [15]. No isobar contribution is
included. Isobar currents contributions tend to be small
and are model dependent. The isobar currents have been
studied extensively in Refs. [16, 17]. An additional as-
pect of the procedure in Ref. [15] is the care that is taken
to remove contributions from the pair current that would
already be contained in the one-pion-exchange part of the
two-body potential. The resulting contribution of MECs
to RTL was in the correct direction, but too small, very
similar those of Ref. [5] and not like those in Ref. [2].
In Refs. [2, 4] the authors indicated that relativity
plays a rather unimportant role in quasielastic scattering.
Such a conclusion is understandable when, for example,
one is comparing the near perfect agreement of a non-
relativistic optical model calculation [18] with results of
relativistic calculations [19, 20] for the cross section data
of Ref. [18]. However, this conclusion can be tested for
this case by adding relativistic corrections to the RCCSM
with a direct Pauli reduction [21, 22]. This procedure
adds to the conventional multipole operators, terms of
order 1/M2N . The inclusion of these terms increases the
cross sections 10%-15%; increases RT and RLT , reduces
RL −
(
q2/2Q2
)
RTT , and produces near agreement with
reduction factors for responses and cross sections for the
p1/2 state for both the (|q| , ω) = (460 MeV/c, 100 MeV)
and the (|q| , ω) = (570 MeV/c, 172 MeV) experiments.
It also produces near agreement of reduction factors for
responses and cross sections for the p3/2 state for the
(|q| , ω) = (460 MeV/c, 100 MeV) and (|q| , ω) = (570
MeV/c, 172 MeV) experiments, but this required a dif-
ferent reduction factors for the two experiments.
Tests were performed to determine if the direct Pauli
reduction terms increased current conservation violation.
The increase was small. Tests were performed to deter-
mine the contribution of components of the final-state
wave function which couple to the exit channel. It
was found that these contributions can be significant.
These results put into question the conclusions from one-
channel calculations, such as optical models.
II. THE MODEL
The exclusive cross section in the laboratory for scat-
tering to a definite residual nuclear state with ~ = c = 1
is given by
d5σ
dΩedΩpdω
=
α2
q4µ
(
2k′0p0p
k0R
)(
kµk
′
ν + k
′
µkν
+q2µgµν/2
)
JµJν∗, (2)
where α is the fine structure constant; the incident and
exit electron momenta are kµ = (k0,k) and k
′
µ = (k
′
0,k
′);
the final, free nucleon momentum is pµ = (p0,p); the
final core momentum is pAµ = (EA,pA); the momentum
3transferred to the nucleus is qµ = (q0, q) = k
′
µ − kµ ; and
R comes from the density of states and is called the recoil
factor,
R =
(
1− p0p · pA/p2EA
)
, (3)
Equation (2) may be reduced to the form of Eq. (1)
by assuming current conservation and zero electron mass.
This procedure is described in Ref. [23]. One can obtain
d5σ
dΩk′dωdΩp′
=
Epp
(2π)
3
R
σMott [νLRL + νTRT
+νLTRLT cosα+ νTTRTT cos 2α] , (4)
where the νi’s are given in Ref. [1], except that −Q2 must
be substituted for Q2 to be consistent with the definition
of Q2 in this work and in Ref. [23].
The Ri’s are given in terms of the currents. The z
direction is chosen to be in the q direction and the y
direction as in the k′ × k direction. With this choice of
coordinate system, the currents may be written as
Jλ = − (2π)1/2
∑
J≥1
(−i)J (2J + 1)1/2 [−T eljλ + λTmagJλ ](5)
for λ = ±1,
Jλ=0 = Jz = (4π)
1/2
∑
J=0
(−i)J (2J + 1)1/2 LJ , (6)
J0 = (4π)
1/2
∑
J=0
(−i)J (2J + 1)1/2MCoulJ , (7)
where the multipole operators in Eqs. (5) and (7)
are defined in Eqs. (3.21), (3.32), and (3.33) of Ref.
[24]. The operator in Eq. (6) is defined below in Eq.
(25). Matrix elements of these operators between ini-
tial and final states can be multiplied in pairs to pro-
duce the Ri’s, RL = 〈J0J∗0 〉, RT =
〈
J1J
∗
1 + J−1J
∗
−1
〉
,
RLT = 〈JxJ∗0 + J0J∗x〉, and RTT =
〈
J−1J∗1 + J1J
∗
−1
〉
where Jx = (J−1 − J1) /
√
2 and the angular brackets in-
dicate a sum over the final angular projections of the
proton and residual nucleus and an average over the ini-
tial nucleus state projections. Note that RTL is an inter-
ference term and, therefore, likely to be sensitive to the
model employed.
The wave function with outgoing flux νi with initial
conditions i = {αJAMAms} takes the form [25, 26]
ψ
(−)
i = (4π/pi)
∑
ilY ∗lml (pˆ) exp(−iσl) (−i/2)×
Cl 1/2 jmlmsmC
JA j JB
MAmMB
ΨJBMB(−)c , (8)
where the sum is over lmljmJBMB and
ΨJBMB(−)c =
∑
c′
r−1uJB(−)c′ (r) |α′J ′Al′j′JBMB〉 . (9)
The radial function u
JB(−)
c′ has the asymptotic form
u
JB(−)
c′ = u
JB(+)∗
c′ → (νc/νc′)1/2 (Oc′δcc′ − Ic′Scc′) .
(10)
The index c stands for αJAlj with JA and j coupled
to JB , and pi is the nucleon momentum in the nucleon-
nucleus center-of-mass frame. As a reference point, note
that when ~pi is in the −zˆ (defined above) direction,
Y ∗lml (pˆi) = (−1)
l√
2l + 1/4π. The Hermitian conjugate
of this wave function is found by R-matrix techniques
[27]. The expansion basis consists of oscillator wave func-
tions for n¯+ l¯ ≤ 24 = ρmax, where n¯ starts at zero. These
wave functions must be divided by (2π)
3/2
for use in Eq.
(2), but not Eq. (4) where the factor is factored out. The
RCCSM involves a transformation to the center-of-mass
system. Therefore, the energy for which the Hamiltonian
is solved is the total p + core center-of-mass energy. The
invariants in Eq. (2) are calculated in that frame. More
information on the application of the RCCSM to p-shell
nuclei, may be found in Refs. [12, 28].
The first calculations are performed with the conven-
tional zeroth- and first-order multipoles,
MCoulJM =
∑
i
jJ (qri)YJM (rˆi)F
i
1
(
q2µ
)
, (11)
T elJM =
∑
i
(
F i1
(
q2µ
)
/MN
)
×
{
−
(
J
2J + 1
)1/2
jJ+1 (qri)
[
YJ+1 (rˆi)⊗ ~∇i
]
JM
+
(
J + 1
2J + 1
)1/2
jJ−1 (qri)
[
YJ−1 (rˆi)⊗ ~∇i
]
JM
}
+
[
F i1
(
q2µ
)
+KiF
i
2
(
q2µ
)]
[q/ (2MN )] jJ (qri)
× [YJ (rˆi)⊗ σi]JM , (12)
TmagJM =
∑
i
(iq)
{
−
(
J
2J + 1
)1/2
× jJ+1 (qri) [YJ+1 (rˆi)⊗ σi]JM
+
(
J + 1
2J + 1
)1/2
jJ−1 (qri) [YJ−1 (rˆi)⊗ σi]JM
}
×
[
F i1
(
q2µ
)
+KiF
i
2
(
q2µ
)]
/ (2MN )
−
[
iF i1
(
q2µ
)
/MN
]
jJ (qri)
[
YJ (rˆi)⊗ ~∇i
]
JM
. (13)
With the replacements F i1
(
q2µ
)
= F i2
(
q2µ
)
= 1 or 0 for
p, n and F i1
(
q2µ
)
+ KiF
i
2
(
q2µ
)
= µi, these expressions
become the commonly employed multipoles of Ref. [24].
The nucleon form factors employed are those of Ref. [29].
Higher order terms are obtained when one takes the
covariant electromagnetic current density,
Jˆµ (x) = eiψ¯f (x) γ
µψi (x) +
ei
2M
∂µ
[
ψ¯f (x)Kσ
µνψi (x)
]
.
(14)
4However, the multipoles resulting from Eq. (14) are
matrices and act on wave functions with upper and lower
components,
ψ =
(
[F (r) /r] Φκm
[iG (r) /r] Φ−κm
)
=
(
ηU
ηL
)
, (15)
However, one can assume that the upper component of
a wave function is given by the non-relativistic calcula-
tion and the lower component by the single-particle Dirac
equation with no potential ,
ηL → η˜L = ~σ · ~p
E +M
ηU . (16)
This approximation with the current of Eq. (14) yields
Eqs. (11)-(13) plus terms of order 1/M2N . Use of Eq. (16)
has been made by other authors [30, 31]. The approach
has been referred to as direct Pauli reduction [21]. It
appears that such a substitution introduces more com-
plicated multipole operators, however, it was shown in
Ref. [22] that Eq. (16) is equivalent to substituting G(r)
with G˜ = (F ′+κF/r)/(E+M). Hence, no new operators
need be calculated, and the terms of order 1/M2N may be
introduced into conventional shell model calculations and
conventional electron-scattering codes.
One should note that the multipole operators of Ref.
[32] and Eq. (8)-(10) of Ref. [22] are consistent with
those of Ref. [24]. However, when employing them in
calculations of the nuclear current density, a minus sign
appears in front of the transverse electric multipole as
shown in Eq. (5) above.
As mentioned above, the MECs are calculated in the
method of Ref. [15]. If one performs a nonrelativistic
reduction of the diagrams in that work, one arrives at
two transverse nuclear currents,
jpair =
2g2epi
(2π)3 (4M2N )
×
δ3 (~p1 + ~p2 − ~p′1 − ~p′2 − ~q)~σ2 · (~p2 − ~p′2)~σ1
− (E′2 − E2)2 + (~p′2 − ~p2)2 + µ2 − iǫ
− (1→ 2) (17)
and
jpionic =
2g2epi
(2π)3 (4M2N )
×
δ3 (~p1 + ~p2 − ~p′1 − ~p′2 − ~q)~σ1 · (~p1 − ~p′1)
− (E′1 − E1)2 + (~p′1 − ~p1)2 + µ2 − iǫ
×
~σ2 · (~p2 − ~p′2) (~p1 − ~p′1)
− (E′2 − E2)2 + (~p′2 − ~p2)2 + µ2 − iǫ
− (1→ 2) (18)
In order to embed this expression in a shell model cal-
culation, one needs to evaluate its expectation value over
the momentum distribution of two particles in the nu-
cleus,
〈
~j · ǫˆ
〉
=
∫
d~p1d~p2d~p
′
1d~p
′
2
[
Φj′
1
(
~p′1
)
Φj′
2
(
~p′2
)]Jf ∗
Mf
×
(
~j · ǫˆ
)
[Φj1 (~p1) Φj2 (~p2)]
Ji
Mi
(19)
It is customary [15, 33] to Fourier transform the momen-
tum space wave functions to obtain the coordinate space
operators given in Ref. [15]. However, as one can imag-
ine from the condition n¯+ l¯ ≤ 24 = ρmax, the number of
required oscillator matrix elements is large, and the ma-
chine time to calculate them is prohibitive. Fortunately,
the Fourier transform of an oscillator wave function is an
oscillator, and the matrix elements are more efficiently
calculated in momentum space. These momentum space
expressions are given in the Appendix.
III. RESULTS
In Fig. 1 are shown the calculated response functions
and the data of Ref. [1]. The calculated response func-
tions are those defined above × E′p/ (MNR) so that Eq.
(4) is compatible with Eq. (1) used in the data analy-
sis. This factor is close to unity. In Fig. 2 are plotted
the cross sections from these data. These data are cen-
tered at (|q| , ω) = (460 MeV/c, 100 MeV), a range where
the RCCSM has been successful in describing particle-
induced reactions. The dotted lines in all panels of Fig.
1 correspond to the calculations with the conventional,
one-body multipoles in Eqs. (11)-(13). The solid lines
include the direct Pauli reduction. The dashed lines in-
clude MECs, and the dot-dashed lines include both. In
Fig. 2 and panels (a) and (d) of Fig. 1 the lines with only
MECs are omitted because they would be nearly indis-
tinguishable from those without MECs. Figure 3 shows
the same calculations for RLT , at (|q| , ω) = (580 MeV/c,
172 MeV), with the data of Ref. [4], and Fig. 4 shows
the cross sections for this reference. The authors of Ref.
[4] are to be commended for publishing cross sections in-
stead of some model-dependent extraction from the cross
sections. In Fig. 4 only the cross section without MECs
are plotted for Pm > 0, since those with MECs would be
indistinguishable from those without MECs. One notices
that the conventional calculations (dotted lines) for the
p1/2 state cross sections in Fig. 2 and 4 agree very well
with the data of Refs. [1, 4], but not the responses in
Fig. 1 and 3. In Fig. 1 the dotted curves fall below that
data for RLT , woefully below the data for RT , and above
the data for RL −
(
q2/2Q2
)
RTT . Similarly, for the p1/2
state in Fig. 3, RLT falls below.
Now consider the dashed lines showing the contribu-
tion of the MECs to the p1/2 state at (|q| , ω) = (460
MeV/c, 100 MeV). Their addition to the cross section in
Fig. 2 is negligible, and they contribute only a few per-
cent to the responses. These results are very similar to
those obtained in Fig. 2 of Ref. [5]. At (|q| , ω) = (580
MeV/c, 172 MeV), the contribution to the cross section
in Fig. 4 is again very small, however, RLT receives a
considerable boost at this higher momentum transfer.
In the calculation of the MEC matrix elements, some
approximations are made. Similar approximations are
made for the one-body current matrix elements. First,
the 16O ground state is composed of the closed oscilla-
5FIG. 1: Response functions as a function of the missing momentum |Pm| for 16O to the p1/2 and p3/2 states of 15N. The dotted
lines are from the conventional one-body multipoles; the solid lines include direct Pauli reduction terms. The dashed lines
include MECs. The dot-dashed lines include both direct Pauli reduction terms and MECs. Data are from Ref. [1]. Open
squares are from parallel kinematics.
tor shell, taken as the vacuum |0〉 plus excitations of the
form
[
np1/2 ⊗ 0p−11/2
]0
and
[
np3/2 ⊗ 0p−13/2
]0
. The matrix
elements of the transition operators that connect |0〉 to
the scattering states are correctly transformed to the cen-
ter of mass. This is referred to as being recoil corrected.
The closed shell comprises 70.5% of the ground state.
The matrix elements connecting the other ground-state
components are not recoil corrected in order to save cal-
culation time. Such a correction should be small for 16O.
Second, the terms corresponding to the recoil of nucleons
in the core are neglected as described in Ref. [12]. These
were included in 4He(e, e′p)3H by transforming to Ja-
cobi coordinates [26]. Although important in 4He, these
should be small for 16O. The only correction associated
with the Jacobi coordinates is to use r = (A− 1) /Aξ in
the multipole equations, where ξ is the coordinate con-
necting the outgoing proton to the center of mass of the
core. Hence, r is measured from the center of mass of
the whole system. Third, matrix elements of particle-
hole states,
〈
jpmtpj
−1
h mth (J)
∥∥T J∥∥ j′pmtp′ j−1h′ mth′ (0)
〉
,
contain terms of the form
− δnplpjpmtp ,np′ lp′ jp′mtp′
∑
nclcjcmtc
JˆxJˆ ′
jˆp
W
(
JxJjcjh; J
′
xjp
)
×
〈
jcmtpjh′mth′ (Jx)
∥∥∥T J [∥∥∥ jcmtcjhmth (J ′x)〉
−(−1)jh+jc−J′x ‖ jhmthjcmtc
(
J ′x
)〉]
(20)
Such terms are ignored in for both one- and two-body
transition operators since it is unlikely that a scattering
particle state would be the same as the bound particle
state.
Now consider adding the direct Pauli reduction terms
to the conventional calculations shown as the solid lines.
All of the responses that depend on the transverse current
are increased, and RT in Figs. 1(b) and 1(e) is increased
by a factor of 2. RL−
(
q2/2Q2
)
RTT is decreased due to
a reduction in RL. It has been a pattern in this paper
6FIG. 2: Cross sections for 16O to the p1/2 and p3/2 states of
15N. The dotted lines are from the conventional one-body mul-
tipoles; the solid lines include direct Pauli reduction terms.
The data are from Ref. [1] as given in Ref. [2].
FIG. 3: Response functions as a function of the missing mo-
mentum |Pm| for 16O to the p1/2 and p3/2 states of 15N.
The dotted lines are from the conventional one-body mul-
tipoles; the solid lines include direct Pauli reduction terms.
The dashed lines include MECs. The dot-dashed lines in-
clude both direct Pauli reduction terms and MECs. Data are
from Ref. [4].
FIG. 4: Cross sections for 16O to the p1/2 and p3/2 states of
15N. The dotted lines are from the conventional one-body mul-
tipoles; the solid lines include direct Pauli reduction terms.
The data are from Ref. [4].
that the direct Pauli reduction increases the transverse
response and decreases the longitudinal response. In Ref.
[16] the model employed produced relativistic corrections
that were small and in the opposite direction for RT and
RL. It was pointed out previously, and confirmed in this
case, that the transverse response is sensitive to the lower
components of a relativistic calculation. At this point
one would say that the calculation for the p1/2 state is in
reasonable agreement with the data.
The inclusions of both the direct Pauli reduction and
MEC are shown as dot-dashed lines in Figs. 1, 3, and
4. The results for the p1/2 state are reasonably consis-
tent. With a reductions factor of 0.81 one obtains very
good fits to RLT and the cross section at (|q| , ω) = (570
MeV/c, 172 MeV) and to RT , RLT , and the cross sec-
tions at (|q| , ω) = (460 MeV/c, 100 MeV) . This agree-
ment is demonstrated in panels (b) and (c) of Fig. 5.
Only the RL−
(
q2/2Q2
)
RTT at (|q| , ω) = (460 MeV/c,
100 MeV) reduced response lies slightly below the data
as shown as the dot-dashes line in panel (a) of Fig. 5.
This is in contrast to the variations seen in Table I of
Ref. [1], where the complete distorted-wave impulse ap-
proximation results are below the data. The resulting
spectroscopic factor of 1.62 is larger that that obtained
in Ref. [18] from cross section data.
Now consider the difficult p3/2 state shown in Figs.
1(d)-1(f) with the (|q| , ω) = (460 MeV/c, 100 MeV) data
of Ref. [1]. The conventional calculation (dotted line) for
RL −
(
q2/2Q2
)
RTT would require a reduction factor of
0.75 whereas RT and RTL would require enhancement
factors of 1.35 and 1.33, respectively. This result for
7FIG. 5: Response functions as a function of the missing momentum |Pm| for 16O to the p1/2 and p3/2 states of 15N. The solid
lines include direct Pauli reduction terms. The dashed lines are the same except they are from omitting channels other than
the exit channel. The dot-dashed lines for the p1/2 state show the direct Pauli reduction plus MEC calculations × 0.81. The
dot-dashed lines for the p3/2 state show the direct Pauli reduction plus MEC calculations × 0.77. Data are from Ref. [1]. Open
squares are from parallel kinematics.
RTL is actually better than obtained in Refs. [1, 2]. In
fact, the calculated RTL does not stand out as being bla-
tantly in disagreement with the data as it was in those
references. This shows again the model dependence of
these calculations. However, to obtain some consistency
among the responses, RL −
(
q2/2Q2
)
RTT must be low-
ered and/or RT and RTL must be increased. Adding
MECs does provide some increase in RT and RTL, but
it is small, and negligible for RL −
(
q2/2Q2
)
RTT . How-
ever, the inclusion of direct Pauli reduction terms in-
creases RT and RTL and decreases RL −
(
q2/2Q2
)
RTT .
That is, everything moves in the correct direction. The
dot-dashed line shows the result of adding both MECs
and direct Pauli reduction terms. All cross sections and
responses for the p3/2 state are too large. Figures 5(d)
and 5(e) show a best fit to RL −
(
q2/2Q2
)
RTT and RT
and the resulting RTL for that reduction factor of 0.77 in
5(f). The fitted curve for RL−
(
q2/2Q2
)
RTT falls some-
what below the data, and the fitted curve for RT falls
somewhat above the data. The fitted curve for RTL falls
somewhat below the data, but not the factors of 2 and
greater found in other calculations with no relativistic
corrections [1, 4, 5].
The p3/2 state cross section and RLT at (|q| , ω) =
(570 MeV/c, 172 MeV) are well fitted by a reduction
factor of 0.56. In Ref. [2] it was necessary to have dif-
ferent reduction factors for the data of Refs. [1, 4] for
both the p1/2 and p3/2 calculations. Requiring differ-
ent reduction factors at different momenta transferred
may not be surprising for this p3/2 state. This state ob-
viously has a large component of higher-order configu-
rations which may have a different momentum transfer
dependence that the pure hole state.
Finally, Fig. 5 shows the result of omitting channels
other than the exit channel. The solid lines include the
direct Pauli reduction, and the dashed lines show the
same calculation omitting channels other than the exit
8channel. This means the sum over c′ in Eq. (9) is lim-
ited to only c′ = c. Optical models are generally used
for the outgoing proton. Optical models reduce the flux
of the proton in its exit channel by absorption. In a
coupled-channel calculation, flux is reduced in the exit
channel by sending it to other channels. However, what
one sees in Fig. 5 is that these channels contribute to the
currents and in this case show up strongly in RTL for the
p1/2 state. These contributions are even more important
at lower momenta transferred [12]. This demonstrates
a difficulty with optical model calculations of knockout
reactions, whether nonrelativistic or relativistic.
IV. CURRENT CONSERVATION VIOLATION
Although the direct Pauli reduction procedure has pro-
duced terms that simulate the effect of the lower com-
ponent of a relativistic model, the question arises as to
whether the new terms produce significant current con-
servation violation. Serious current conservation viola-
tion would make inclusion of the terms less credible.
Therefore, a test is made for the magnitude of current
conservation violation.
The nuclear current operator can be written in mo-
mentum space as
Jµ (~q) =
∫
exp (−i~q · ~x)
〈
f
∣∣∣Jˆ (~x)∣∣∣ i〉 d~x, (21)
the four-vector operator Jµ (~q) having components(
ρ, ~J
)
. A coordinate system is chosen where qˆ = zˆ and
xˆ = θˆq, and spherical unit vectors defined as in Ref. [24]:
ǫˆq0 = ǫˆz = zˆ , and ǫˆq±1 = ∓ (ǫˆx ± ǫˆy) /
√
2. Since the
magnetic quantum numbers of the nucleus and emitted
nucleon will eventually be summed over, the choice of
coordinate system is arbitrary. The investigation of cur-
rent conservation begins by examining the longitudinal
current, J0 (~q) = ǫˆq0 · ~J (~q). One performs the expansion,
ǫˆq0 exp (−i~q · ~x) = ǫˆq0 exp (−iqz) =∑
J
(−i)J i
√
4π (2J + 1)
(√
J + 1
2J + 1
jJ+1 (qx) ~Y
0
J+1,J (xˆ)
+
√
J
2J + 1
jJ−1 (qx) ~Y
0
J−1,J (xˆ)
)
=
(i/q)
∑
J
(−i)J
√
4π (2J + 1)~∇ [jJ (qx)YJ0 (xˆ)] .(22)
With the non-relativistic current operator (the magne-
tization current does not contribute) one has
ǫˆq0 · ~J (~q) = i
q
∑
i
eiN
2mi
∑
J
(−i)J
√
4π (2J + 1)×
∫
~∇i [jJ (qxi)YJ0 (xˆi)]
[
Ψ+f ~∇iΨi −
(
~∇iΨ+f
)
Ψi
]
d~xi. (23)
With the replacement of the charge by the corresponding
nucleon form factor, the longitudinal current operator
thus becomes
J0 (~q) = ǫˆq0 · ~J (~q) = Jz (~q) =
∑
i
(−i)J
√
4π (2J + 1) ×
F i1
MN
[
1
q
~∇i [jJ (qxi)YJ0 (xˆi)] · ~∇i − q
2
jJ (qxi)YJ0 (xˆi)
]
.(24)
The expression for the longitudinal current operator, Eq.
(24), has single-particle operators to be placed between
initial and final wave functions. The continuity equation
qµJ
µ (~q) = 0 takes the form qJz (~q) = q0ρ (~q) with the
above choice of coordinate system. The question now be-
comes how will this result be used? One could ignore the
continuity equation and just calculate the longitudinal
current with the above equation and use that result in the
cross section calculation. Or one could choose not to cal-
culate the longitudinal current and replace it with q0ρ (~q)
in the spirit of Siegerts theorem [34], assuming one has a
better knowledge of the nuclear density than the current.
Alternatively, one could replace ρ (~q) with qJz (~q) /q0. It
was shown in Ref. [35] that the two choices correspond
to two different choices of gauge for the virtual photon
propagator. In fact Ref. [35] investigates three different
gauges and demonstrates that, for non-conserved cur-
rents, different gauges produce different cross sections.
One can build current conservation into the longitudinal
current operator; or is it more honest to calculate it di-
rectly and say this is what the model produces? Some
incite into this question is given in Ref. [36], where cal-
culations for bound-state excitations are performed with
different choices for the current and in limited and ex-
tended model spaces. The authors found that different
choices for the current produced different cross sections,
but the differences were much smaller when the model
space was extended. In addition, one transverse electric
operator with current conservation built into it [37], gave
similar results to both the limited and extended model
spaces. This result provides some evidence that invoking
current conservation in some form is preferable to calcu-
lating the longitudinal current operator matrix elements.
Therefore, the above cross-sectional calculations included
replacement of the longitudinal current with q0ρ (~q).
One can test the degree of current conservation viola-
tion by comparing matrix elements of q0ρ (~q) with those
of Jz (~q). However, the current will then depend upon the
residual nucleus, its angular momentum projection, the
spin projection of the outgoing nucleon, and its direction.
Comparison with all of these variables would be difficult.
Therefore, the choice is made to look at J∗0 (~q)J0 (~q), and
then choose the ground state of the residual nucleus with
charge Z−1, sum over magnetic quantum numbers of the
residual nucleus and outgoing proton, and integrate over
the outgoing proton direction. One is left with comparing
the ratio of the quantity
∑
Jlj (2J + 1)
∣∣∣〈ψ(−)B ‖LJ‖ 0
〉∣∣∣2
to
∑
Jlj (2J + 1)
∣∣∣〈ψ(−)B ∥∥q0MCoulJ /q∥∥ 0
〉∣∣∣2, where
LJ =
∑
i
F i1
MN
[
1
q
~∇i [jJ (qxi)YJ0 (xˆi)] · ~∇i − q
2
jJ (qxi)YJ0 (xˆi)
]
.
(25)
9The comparison to be made is this ratio, the test of
current conservation, with and without the direct Pauli
reduction terms. That is, does the attempt to include
relativistic effects render current more or less conserved?
Figure 6 shows this ratio for three momenta transferred
and energies transferred over the range of the quasielas-
tic region. The open diamonds correspond to calculations
without the direct Pauli reduction terms; the crosses cor-
respond to those with the terms. The arrows indicate the
approximate position of the quasielastic peak. A slightly
smaller ratio at the quasielastic peak, indicating slightly
more current conservation violation is found with the in-
clusion. This is likely due to the fact that the artificially
constructed wave function is further from the exact solu-
tion to the model Hamiltonian. However, since the dif-
ferences are small near the quasielastic peak, the use of
the direct Pauli reduction does not have a serious effect
on current conservation.
V. CONCLUSION
Calculations were performed for
16O(e, e′p)15N(1/2−, 3/2−) with the RCCSM to de-
termine the effect of MECs and relativistic corrections
on cross sections and response functions. Of special
concern was the inability of optical model calculations to
reproduce the interference response RTL. Two previous
calculations came to opposite conclusions as to whether
MECs could substantially increase RTL and hence,
provide some consistency among spectroscopic factors
extracted from individual cross sections and response
functions. Inclusion of MECs of Ref. [15] in the RCCSM
produced results very much like those of Ref. [5] and
led to the same conclusion - that MECs do not make a
substantial contribution to producing consistency.
Therefore, the effect of relativistic corrections was
tested by including direct Pauli reduction terms in the
RCCSM. These terms contributed substantially to the re-
sponse functions and provided reasonable consistency for
spectroscopic factors. A reduction factor of 0.81, applied
to all p1/2 calculations, at (|q| , ω) = (460 MeV/c, 100
MeV), and (|q| , ω) = (570 MeV/c, 172 MeV) provided
a good fit to all cross sections and response functions.
Calculations for the p3/2 showed similar consistency for
the data at (|q| , ω) = (460 MeV/c, 100 MeV) data with
a reduction factor of 0.77 but required a reduction factor
of 0.56 to provide consistency between RTL and the cross
section for the (|q| , ω) = (570 MeV/c, 172 MeV) data.
A test of current conservation showed that inclusion
of direct Pauli reduction terms increased the violation
only slightly and is, therefore, an appropriate procedure.
The importance of a coupled-channel model was demon-
strated by performing calculations that eliminate con-
tributions from channels other than the exit channel.
Therefore, one would think that the ideal calculation for
comparing with data would be a coupled-channel calcula-
tion in a completely relativistic model. Such models ex-
ist, but would be plagued by uncertainties in the center-
of-mass transformation.
Appendix
The following substitutions are made in Eq. (18),
t1 = p1 − p′1, T1 = (p1 + p′1) /2, t2 = p2 − p′2, T2 =
(p2 + p
′
2) /2. The delta-function in Eq. (18) is expanded
as
δ3 (t1 + t2 − q) = (2π)−3
∫
dp exp [i (t1 + t2 − q) · p] .
(A.1)
With the choice of qˆ = zˆ the exponentials in Eq. (A.1)
may be expanded as
exp [i (t1 + t2 − q) · p] = (4π)3
∑
lml′m′D
il+l
′
(−i)D jl (t1ρ)
×jl′ (t2ρ) jD (qρ)Ylm
(
tˆ1
)
Y ∗lm (ρˆ)Yl′m′
(
tˆ2
)
Yl′m′ (ρˆ)×
YD0 (ρˆ) Dˆ/ (4π)
1/2 ,(A.2)
where Dˆ = (2D + 1)
1/2
. The current operator is now
separable in the coordinates of particles 1 and 2. This
means that it is not necessary to make the jj to ls cou-
pling transformation.
By coupling together all terms involving particle 1 and
all terms involving particle 2, one obtains the reduced
matrix elements of the multipole operators in a proton-
neutron basis,
〈
j′1j
′
2 (Jf )
∥∥∥TmagJ(pionic) (q)∥∥∥ j1j2 (Ji)〉 = g24π Qpi4M2Nπ7/2 ×∑
ll′JxLF
ia−1 (−1)b+F Jˆ Jˆf Jˆi lˆ′ [l]CL1F000 Cl
′1Jx
000 C
l1L
000 ×

 j′1 j′2 Jfj1 j2 Ji
L l′ J

Cll′J000
[
J 1 J
l l′ L
] ∫
ρ2dρ×
I2
(
j′1, F, L, l, j1
)
I1
(
j′2, Jx, l
′, j2
)
jJ (qρ)− (−1)c (1→ 2) ,(A.3)
and
〈
j′1j
′
2 (Jf )
∥∥∥T elJ(pionic) (q)∥∥∥ j1j2 (Ji)〉 = g24π Qpi4M2Nπ7/2 ×∑
ll′JxLF
ia+1 (−1)b+F Jˆf Jˆi lˆ′ [l]CL1F000 Cl
′1Jx
000 C
l1L
000 ×

 j′1 j′2 Jfj1 j2 Ji
L l′ J

∫ ρ2dρI2 (j′1, F, L, l, j1) I1 (j′2, Jx, l′, j2)
×
(
Cll
′J−1
000
√
J + 1
[
J 1 J − 1
l l′ L
]
jJ−1 (qρ)−
Cll
′J+1
000
√
J
[
J 1 J + 1
l l′ L
]
jJ+1 (qρ)
)
− (−1)c (1→ 2) ,(A.4)
where g2/4π = 14. Similarly, the pair current multipole
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FIG. 6: Ratio of the summed matrix elements of LJ to those of q0M
Coul
J . The open diamonds (crosses) are without (with)
direct Pauli reduction terms. The arrows indicate the position of the quasielastic peak.
reduced matrix elements become
〈
j′1j
′
2 (Jf )
∥∥∥TmagJ(pair) (q)∥∥∥ j1j2 (Ji)〉 = − g24π Qpi4M2Nπ7/2 ×
∑
ll′JxL
ia−1 (−1)b+L Jˆ Jˆf Jˆi lˆ′ lˆLˆCl
′1Jx
000 C
ll′J
000

 j′1 j′2 Jfj1 j2 Ji
L l′ J


×
[
J 1 J
l l′ L
] ∫
ρ2dρI0
(
j′1, l, L, j1
)
I1
(
j′2, Jx, l
′, j2
)
×jJ (qρ)− (−1)c (1→ 2) ,(A.5)
and
〈
j′1j
′
2 (Jf )
∥∥∥T elJ(pair) (q)∥∥∥ j1j2 (Ji)〉 = − g24π Qpi4M2Nπ7/2 ×
∑
ll′JxL
ia+1 (−1)b+L Jˆf Jˆi lˆ′ lˆLˆCl
′1Jx
000

 j′1 j′2 Jfj1 j2 Ji
L l′ J


×
∫
ρ2dρI0
(
j′1, l, L, j1
)
I1
(
j′2, Jx, l
′, j2
)
×
(
Cll
′J−1
000
√
J + 1
[
J 1 J − 1
l l′ L
]
jJ−1 (qρ)−
Cll
′J+1
000
√
J
[
J 1 J + 1
l l′ L
]
jJ+1 (qρ)
)
− (−1)c (1→ 2) ,(A.6)
In the above expressions [l] = 2l + 1, the brack-
eted arrays are 6j’s and 9j’s, Cj1j2Jm1m2M is a Clebsch-
Gordon coefficient, and Qpi is now equal to +1 for
j1 (p) j2 (n) → j′1 (n) j′2 (p) and Qpi equals -1 for
j1 (n) j2 (p) → j′1 (p) j′2 (n). The phases are a = l + l′ +
l1 + l2 + l
′
1 + l
′
2, b = l1 + l2 + n1 + n2 + n
′
1 + n
′
2 + J + Jx
and c = j1 + j2 + j
′
1 + j
′
2 − Jf − Ji. The phase con-
vention is chosen such that if both the momentum space
and coordinate space oscillator wave functions are taken
to be real and positive at the origin, then the multipole
reduced matrix elements are identical as calculated in
either space. This required an additional phase because
φ (1/α,k) = (2π)−3/2
∫
drψ (α, r) e−ik·r =
(−i)l (−1)n ψ (1/α,k) ,
where n starts at zero.
The I-functions in the above equations are the single-
particle reduced matrix elements.
I0
(
j′1, l, L, j1
)
=
〈
j′1
∥∥∥jl (t1ρ) [Yl (tˆ1)⊗ σ1]L∥∥∥ j1〉 =
2
√
6πjˆ′1jˆ1 lˆLˆ

 l′1 1/2 j′1l1 1/2 j1
l 1 L

 (−1)l1 ∑
nN
〈
n1l1n
′
1l
′
1l |nlN0
〉
×
∫ ∞
0
R
√
2/α
N0 (T1)T
2
1 dT1
∫ ∞
0
jl (t1ρ)R
1/
√
2α
nl (t1) t
2
1dt1.(A.7)
I1
(
j′2, Jx, l
′, j2
)
=〈
j′2
∥∥∥jl′ (t2ρ) t2/ (t22 + µ2) [YJx (tˆ2)⊗ σ2]l′∥∥∥ j2〉 =
2
√
6πjˆ′2jˆ2 lˆ
′Jˆx

 l′2 1/2 j′2l2 1/2 j2
Jx 1 l
′

 (−1)l2 ∑
nN
〈
n2l2n
′
2l
′
2l |nJxN0
〉 ×
∫ ∞
0
R
√
2/α
N0 (T2)T
2
2 dT2
∫ ∞
0
jl′ (t2ρ)
t2
t22 + µ
2
R
1/
√
2α
nJx
(t2) t
2
2dt2.(A.8)
I2
(
j′1, F, L, l, j1
)
=〈
j′1
∥∥∥jl (t1ρ) t1/ (t21 + µ2) [YF (tˆ1)⊗ σ1]L∥∥∥ j1〉 =
2
√
6πjˆ′1jˆ1Fˆ Lˆ

 l′1 1/2 j′1l1 1/2 j1
F 1 L

 (−1)l1 ∑
nN
〈
n1l1n
′
1l
′
1F |nFN0
〉×
∫ ∞
0
R
√
2/α
N0 (T1)T
2
1 dT1
∫ ∞
0
jl (t1ρ)
t1
t21 + µ
2
R
1/
√
2α
nF (t1) t
2
1dt1.(A.9)
The oscillator wave functions are ψ (α,~r) =
Rαnl (r) Ylm (rˆ) and the coupling is l1/2 (j). The cal-
culation, therefore, does require calculation of Brody-
Moshinsky-Talmi brackets [38], 〈n1l1n2l2L |nlNL〉, but
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only a very restricted few. An analytical expres-
sion exists for the relative integral in Eq. (A.7),∫∞
0
jl (t1ρ)R
1/
√
2α
nl (t1) t
2
1dt1 = (π/2)
1/2 (−1)nR
√
2α
nl (ρ).
The electric multipoles in Eqs. (A.4) and (A.6) must be
multiplied by −1 if one wants them to be consistent with
Refs. [22, 24, 32] and Eq. (12) above!
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